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1. Tree (i.e. graph without cycles) is called rooted if it has a fixed vertex called 
the root of the tree. A rooted tree is called d-ary if the degree of the root is equal 
to d and the degrees of all the other vertices are equal to d+1. We will consider 
in this paper the d-ary trees only. All d-ary rooted trees are isomorphic and we 
denote them by )(dT . 

An automorphism of the rooted tree )(dT

 

s an automorphism of the tree 
fixing the root. The set of all automorphisms of the rooted tree )(dT

 

form a 
group (with the operation of superposition), which is denoted by )(Aut dT . 

The class of automorphism groups of d-ary trees has certain universal 
embedding properties and contains finitely generated groups with different 
extremal properties: Burnside groups ([1,2,3,4]), groups of intermediate growth 
([5]), just infinite groups ([6]), etc. Because of this, these groups were 
investigated by many authors. During the investigation some different types of 
automorphisms and groups where marked out: finitary, finite-state, self-similar, 
contracting, branch, etc. 

Self-similar automorphism groups of a d-ary tree have applications in 
symbolic dynamics, ergodic theory, theory of fractals and are studying 
intensively. These groups are also interesting from the algorithmic point of 
view. The class of self-similar groups contains another wide class: contracting 
groups. (All definitions will be given in Section 2). 

The word problem in finite-state finitely generated groups is solvable 
(see [7]), but the algorithm has an exponential complexity. In this paper an 
estimation of the complexity of an algorithm solving the word problem in 
contracting groups is given. The following theorem is proved. 

Theorem 1. Let G be a contracting group which acts on the d-ary rooted 
tree and has an n-element self-similar generating set that contains the nucleus of 
the self-similar action. Then the word problem in this group is solvable and for 
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any 0

 
there exists an algorithm of polynomial complexity of degree  
dn 2

2 log)1( . 

2. We will use a realization of the d-ary tree as the Hass diagrams of the set 
*X

 
of all finite words over the alphabet },,,{ 21 dxxxX

 
with the prefix 

order. Then the empty word is the root of the tree and the vertices of the nth 
level are words of the length n. We well also consider the set 

}:{ 21 XxxxX i

 

of all right infinite words over the alphabet X. 

Let *

21 Xxxxv n

 

be a finite word. Let )(d

vT be the subtree with the 

root vertex v of the tree )(dT

 

(the vertices of this subtree are the finite words of 
the type }:{ *Xwvw ). Let )(Aut dTg

 

be an arbitrary automorphism of the 

tree. We define the map **:| XXg v

 

by the rule 
yvgvxgyxg v )()()(| . It is a correctly defined automorphism of the tree 

)(d

vT . But since the trees )(d

vT and )(dT

 

are isomorphic, we can consider vg | as 

an automorphism of the tree )(dT . The obtained automorphism is called the 
restriction of g in the word v. 

Every automorphism g induces a permutation 

 

on the set *XX

 

and d 
restrictions xg | , 1Xx . Moreover, every automorphism is uniquely determined 
by the permutation 

 

and the function xgx | . Therefore it is possible to 
write every automorphism uniquely in the form  

),,( 1 dggg

 

(1) 

where )(Aut d

i Tg

 

are the restrictions of g in the one-letter words and dS

 

is the action of g on X. 
Let us write the multiplication rule for the automorphisms written in the 

form (1). Let )(Aut, dThg

 

),,( 1 dggg , ),,( 1 dhhh . Then we have:  
),,(),,(),,( )()1(111 dddd hghghhgghg . (2) 

This rule follows directly from the definition. It implies also the following 
formula for the inverse automorphism:  

11

)(

1

)1(

1

1

1 ),,(),,( 11 dd ggggg

 

(3) 

Definition 1. A set )(Aut dTS

 

is called self-similar if for every Sg , and 

Xx

 

there exist Sh

 

and Xy

 

such that for all Xw  we have  
g(xw)=yh(w). 

In other words, the set S is self-similar if and only if all the restrictions of every 
element of S belong to S. 

A group )(Aut dTG

 

is called self-similar if it is self-similar as a set. 

Self-similar groups are also often called state-closed or semi-fractal. We 
will consider the finitely generated self-similar groups only. 
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Definition 2. A group )(Aut dTG

 
is said to be finite-state if for every Gg

 
the set of the restrictions }:|{ *Xvg v

 
is finite. 

We have the following proposition. 

Proposition 1. A finitely generated self-similar group G has a finite self-similar 
generating set if and only if it is finite-state. 
Proof. Let S be a self-similar finite generating set of the group G. Let Gg

 

be 
an arbitrary element. It can be represented as a group word over S of some 
length k. But formulae (2), (3) and self-similarity of the generating set S imply 
that every restriction of G will be also represented as a group word over S of 
length not greater than k. Since the set of all the words of length k is finite, the 
set of restrictions of the element G is finite too. Thus, group G is finite-state. 

Conversely, let the group G be finite-state and let S be its arbitrary finite 
generating set. Then we can get the desired self-similar generating set if we add 
to S the restrictions of all the elements of S in all the words in *X

 

(the set of 
such restriction is finite).  

 

An important notion is the notion of a contracting group. 

Definition 3. A self-similar finitely generated group G is called contracting if 
there exists a finite self-similar set GS

 

such that for each Gg

 

and 

Xxxx 321  there exists Nk

 

that for all n>k the restriction of g in the word 

nxxx 21 belongs to S. Every such set S is called the quasinucleus of a 
contracting group G. The minimal quasinucleus is called the nucleus of the 
contracting group G. 

We say, in conditions of the definition, that an element g contracts to S 
along the word Xxxx 321 at the k-th level. Note also that the identity 
automorphism always belongs to the nucleus. 

Proposition 2. Each contracting group is finite-state. 
The proof of this proposition is given in [8]. 

Corollary 1. Each contracting group has a self-similar finite generating set. 

Proof of the last corollary follows immediately from Propositions 1 and 2. 
Note that construction of this self-similar finite generating set is constructive 
(provides that we know how the generators contract to the nucleus). 

One of the most famous examples of self-similar groups are the Grigorchuk 
group and the Adding machine . The Grigorchuk group is the subgroup of 

)2(AutT  generated by the automorphisms 
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),1,(

),,(

),,(

,)1,1(

bd

adc

acb

a

 
where )2,1(  is the transposition. 

The Grigorchuk group has many interesting properties. For instance, it is an 
infinite finitely generated torsion group, it is a group of intermediate growth, it 
is just-infinite, has finite width, etc. This group is also contracting with the 
nucleus {1,a,b,c,d}. 

Another example of a contracting group is the following. Let )2(Aut, Tba

 

be such that  

,),(

,)1,1(

bab

a 

Then the group baG ,

 

is contracting with the nucleus {1,a,b,b-1}. It 
follows from the algorithm solving the word problem in contracting groups 
given in [8]. 

Let G be a finitely generated group and let S be its arbitrary finite 
generating set. We denote by l(g) the word-length of Gg

 

respectively to the 
generating set S (i.e., l(g) is the minmal length of a word over S, representing g). 

Definition 4. Let G be a finitely generated self-similar group. Then the limit  

k
v

glXvk gl

gl
k )(

)|(
limmaxlim

)(
. (4) 

is called contracting coefficient of the group G. 
The following proposition shows that the contraction coefficient is well 

defined. 

Proposition 3. Let G be a finitely generated self-similar group. Then the 
limit (4) exists and doesn't depend on the generating set of group G. 

The proof of this proposition is given in [8]. 

Lemma 1. Let G be a finitely generated group with a contracting self-similar 
action. Let us take a number M>0 and a positive integer l0 such that for every 

Gg

 

and every word 0lXv  of the length l0 the inequality  

M
gl

gl v 2

)(
)|( 

holds. Then we have 0

1

2 l , where 

 

is the contraction coefficient of the 
group G. 
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Lemma 2. Let )(Aut dTG

 
be a self-similar contracting group with the 

contracting coefficient . Then the word problem in G is solvable and for any 
0  there exists an algorithm of polynomial complexity of degree log

log d . 

Lemmas formulated above are also proved in [8].  

3. Proof of Theorem 1. We are going to give an estimate of the contracting 
coefficient of the group with help of Lemma 1. Then Lemma 2 will end the 
proof. 

Let G be a contracting group. Let S be its self-similar finite generating set 
containing the nucleus. We can add to S the set S-1 also, so we will consider a 
symmetric generating set S:  

,),,(

,),,(

,),,(

)()(

1

2
)2()2(

12

1

)1()1(

11

n

n

d

n

n

d

d

ggg

ggg

ggg

 

where di

j

i SSg ,)( . 
Since the set S is a quasinucleus of a group G, all the products ji gg of the 

elements from S will contract to S. But self-similarity of the set S implies that all 
the restrictions of any product of two elements ji gg will be again a product of 

two elements of S. Therefore, some relations like kji ggg

 

should be valid in 

order to have contraction. We suppose that we know the set of those pairs of 
indexes (i,j), for which Sgg ji . 

Let us estimate from above the number of the level at which all the 
products ji gg , Sgg ji , contract to S. For every product ji gg , Sgg ji ,  and 

every *Xv

 

such that Sgg vji |)( the elements vji gg |)( and vuji gg |)( can 

not be equal. Otherwise, the product ji gg will not contract along the infinite 

word vuuu . Since the number of the products Sgg ji

 

is not greater than 

12n , all the pairs will contract to S not later then at )1( 2n -st level. 

Let us show that the conditions of Lemma 1 are satisfied for 12

0 nl  and 
M=1. Let 

1221 kiii gggg

 

be an arbitrary group word in S of an odd length 

l(g)=2k+1. The word g can be represented in a form eggggg
kiiiii 124321

, 

where e is the identity automorphism. Then for every word 
1

121

2

2

n

n
Xxxxv  formulae (2) and (3) imply:  

viviiviiv egggggg
k

|)(|)(|)(|
124321

. 
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Since every pair 
1jj ii gg contracts to S in the word v, the length of the 

restriction of g in v )|( vgl  is not greater than M
glk

k
2

)(
1

2

12
1 . In the 

case when G has even length, we get analogically M
glgl

gl v 2

)(

2

)(
)|( . 

Thus, the conditions of Lemma 1 are satisfied and  

1

1
2

2 n . 
By Lemma 2, there exists a polynomial-time algorithm of degree not 

greater than log
log d solving the word problem in the group G for any 0 . 

Substituting the last estimate on , we get:  

dn
dd

n

2
2

1

1
log)1(

2log

log

log

log

2

. 

For example, in the case of a binary tree (i.e., d=2) we have a polynomial 
algorithm of degree not greater than 12n .   
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